The Solow Growth Model: An ExcelBased Primer

Mankiw says a goal of macroeconomic analysis is "to explain why our national igroms,

and why some economies grow faster than others..." (186). He identifies ‘tthre fzc
production—capital and labor—and the production technology as the sources of the economy's
output and, thus, of its total income. Differences in income, then, must come from défenenc
capital, labor, and technology" (186). The model that forms the centerpiece of Mankiw's
analysis, and the one developed below, is the Solow growth model. Mankiw says of this model,
"The Solow growth model shows how saving, population growth, and technological progress
affect the level of an economy's output and its growth over time" (186 - 187). The model als
identifies some of the reasons that countries vary so widely in their stand&wiisgof

The second claim for the model, that the model identifies reasons for inconnendiéfe across
countries, is stated in a more reserved fashion than the first, that it exptaiik over time.

This is as it should be. Indeed, some analysts hold that the Solow model developed below should
be applied only to modern industrial economi¢ansen and Prescaay:

Until very recently, the literature on economic growth focused on explaieatgres of modern
industrial economies while being inconsistent with the growth facts descpt@nmglustrial

economies. This includes both models based on exogenous technical progress...and more recent
models with endogenous growth.... But sustained growth has existed for at most ti® pas
centuries, while the millennia prior have been characterized by stagnaifionoagignificant

permanent growth in living standards.

With this caveat in mind, we turn to the development of the Solow growth model. This
development follow$/ankiw’s intermediate-level textbooklacroeconomicsbut it can be used

as a stand alone module. Each step of the development below is accompanied byadigure
table from arExcelworkbook. The workbook contains exercises that enable the manipulation of
variables and show how changes impact other variables. The ability to manipeilzaeiables

and animate diagrams facilitates the understanding of the model. Foraa dienéélopment and

for some other macroeconomic topics, Beereta

The Production Function

The most basic fact of economic life is scarcity. One way of stating tisfféife is via a
production function like this one:

Y = F(K, L).

This function specifies that, for a given technology—defined by F(...), only so much @tixput
can be produced for given employment levels of the inputs capital (K) and Iabarqlturn



this observation into a model of economic growth requires some further assumptions. The
assumptions regarding production that underlie the Solow growth models are these:

A single output is produced. Units of this output can be consumed or added to the capital

stock.

i i spacify a value 2 =K"
A single type of capital and a e ﬂiﬂ [ T u.3|
single type of labor are employed e
in the production process. 4 e

Initial Kk & y

The production function exhibits
constant returns to scale. That is,
changing the employment of both
L and K by a proportional factor
"z" would cause an equi-
proportional change in Y. The |
workbook upon which the 0+ - D EE— " " X
illustrations below are based uses ! " o Caphel ::mm, “ * 5
a particular constant-returns-to-

34

Dutput par worker
P

scale production function, the T BN s _ cooces i/ shanas 08
- i New y =| 2.774

CObbaD](_)_gglaS function, Change iny =| 0.148 Sheet: ProductionFunction

Y = KL? k| 0.0

(All graphs are from the workbook.
Sheet names appear in the figures.)

A useful characteristic of the constant-returns-to scale production funstioatiit can be
"scaled" by the size of the labor force (assumed to equal, or at least beipnaptwt the
population). So the per-capita production function is of the form:

y = Y/L = f(K/L) = f(k),

where the lower-case letters indicate per-capita values. In the CoblaBcage,
Y/L = KLY = KL 2= KYL® = I8,
The figureaboveshows the relationship between y and k.

Two features of the production function stand out: The relationship is positive (maed papi
worker implies more output per worker), and the slope decreases as k increagear (final
product of capital decreases). The marginal product of capital is defined as:

MPK = (f(k + k) - f(k))/ k,
or equivalently

MPK = f(ky) - f(k1)/(k2 - ky).
In the graph above k= 25 and k= 30, so k = +5. In response, y increases from 2.627 units to
2.774 units, soy = 0.148 units. This implies that MPK, over the range considered here is
0.148/5 = 0.02916, rounded to 0.030. For the Cobb-Douglas production function,

MPL = ak™.
Because a < 1, (1 - a) is positive, which implies th&t aka/k? decreases as k increases. This
fact is reflected in the ever-decreasing slope of the production function iraffte ajsove. See
noteson the marginal product.



Output, Income, Consumption, Saving, and Investment

An important lesson of the simple circular flow model is that an economy's output is
simultaneously its income;e., the means to purchase that output. The next step in developing
the Solow model is to trace the implications of

Specify these values. | From the model |

this relationship to the allocation of output Capital por workor: k= | C Output per worker: y =] 7805
. . Fraction of income saved: s = .. C i er worker: ¢ = 2179
between consumption and investment. The —= "~ [ivesiment porworker: = 5y <073
model's consumption is a simple one: . —y=m Investment
_ (1 S)y Specified k &y <o Specified k &1
C= - )

where c is per-capita consumption and s is t
saving rate, the fraction of income not spent
for consumption. This simple model is '
consistent with observed long-run behavior.

Quitput per worker
)

Friedmancites earlier empirical work by . , , ,
Kuznets that provides evidence of this 0 v T e 50
proportional relationship and develops some Sheet: OutputConsumptionlnvestment

of its macroeconomic implications.

The model assumes that savings are converted, via the capital market, intoenvelsimand.
Thus the level of investment demand is:
i = sy.

This completes the demand for goods and services. The equilibrium condition is that the two a
equal:
y=c+i.

The figureaboveillustrates these relationships. At any specified value of k (capitaiqrer),
the curve y = Y/L is the total demand for that output. The lower curve (Investradng) i
investment demand. And the vertical distance between the two curves is the camsisupti




Depreciation

From the model

Depreciation is an unfortunate fac—gttee e

reciation rate, & =|

k| | Depreciation Level =

200  KPW per year.

b | |[KPW is units of capital per worker.

of life; capital wears out. The Capital per worker:k=| 10| ¢

simple model of depreciation usec 20 -
here is that a constant percentage
of the total capital stock wears out
each year. The example to the rigl
uses a relatively high rate, 20%, s
that if the value of k is 10, then 2
units of capital per worker must be
replaced each year in order to
maintain the capital stock at its
beginning-of-the-year level. Any 0

-
&
L

Depreciation per worker
=

L]
L

—— Depreciation Function

e Diapreciation Level

additional investment would result 0
in an increased value of k.
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Sheet: Depreciation

Steady State, Introduction

Saving is proportional to output (=
income), so it increases at a decreasing
rate as k increases. For small values of k

Specify these values

Depreciation rate: & =

0.07

Sawing rate: s =

04

Arbitrary value of k =

i

saving exceeds depreciation. Since savir
eqguals investment, saving exceeding
depreciation implies that the capital stock
is growing.

At higher values of k, depreciation
exceeds saving (which, to repeat, equals
investment). This is so because output
rises less than proportionately when k
increases while depreciation rises
proportionately. Therefore, at higher
values of k, depreciation exceeds
investment, so the capital stock cannot b
maintained.

— — Depreciation Function
Depreciation = Investment
- «--«--Depreciated

oo InvESted

Capital per worker

T 1

20 25
Capital per worker

From the model

Sheet:

The steady state k =]

12.061[KPW. At the steady-state k,

i = depreciation =

0.844 KPW per year.

Trrrestment,

At the arbitrary k,

0.700 KPW wear out each year, and Dep. &

the humber added =i =

0.798 KPW. The capital stock SteadyState

increases by

0.098 KPW during the year.

KPW is units of capital per worker.

The illustration at the right shows a case where the initial value of k (10) is bslete&dy-state
value (12.061). Accordingly, investment equals 0.798 units (40 percent of the income level,
which is not shown). Meanwhile, depreciation is 0.07 times k or 0.700. Thus k increases by

0.098 units during this period.



Approaching the Steady State

The graph above shows the adjustment to
the steady-state value of k as a function of
itself. Any such adjustment, however, mus
occur through time. The table at the right

provides a view of how the change occurs.

The table takes as given the following: the
production function (y =%, the saving

rate (saving = investment = 0.4y), the

depreciation function (depreciation = 0.1k)

and an initial value of k.

Given these values, during the base year,

the following are true: y = 1.933, so saving
= 0.773, which is less than the 0.900 units of depreciation, so the capital stock falls from its
initial value of 9 to 8.873, the value observed at the beginning of year 1. This process spntinue

Specify these values. y=k*
a= 0.3 i=sy=y-c¢
s= 0.4 dep = 6k
5= 0.1 Ak=i-dep
initial k = 9 Steady-state k = 7.246
year k=KL [ y=Y¥L [c=CL |[i={-CJ/L| dep Ak
0 9.000 1.933 1.160 0.773 0.900 0.127
1 8.873 1.925 1.155 0.770 0.887 0117
2 8.756 1.917 1.150 0.767 0.876 0.109
3 8.647 1.910 1.146 0.764 0.865 0.101
3 8.433 1.897 1.138 0.759 0.845 0.086
10 8.080 1.872 1.123 0.749 0.808 0.059
15 7.823 1.854 1.112 0.741 0.782 0.041
23 7523 1.832 1.099 0.733 0.752 0.020
50 7.291 1.815 1.089 0.726 0.729 0.003
100 .47 1.812 1.087 0.725 0.725 0.000
200 7.246 1.811 1.087 0.725 0.725 0.000

Sheet: Approaching Steady State

with the decrements to the capital stock decreasing as k approaches ytsttEadalue of

7.246. During thel0th year, the capital stock falls by 0.041 units, and during the 25th year by

only 0.020 units—the per-worker capital stock is quite near its steady-state(Valsee what
happens during intervening years, see the full table in the workbook.)

The graph shows how this process
plays out over the first 76 years, aft:
which the change in k is less than
0.001. The change in k begins at thi
relatively low level of -0.127 and
quickly approaches zero. This
reflects the facts that i is below
depreciation (the two middle curves
but that the difference is rapidly
vanishing. These ever-decreasing
decrements to the capital stock imp
that k is decreasing over the period
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(top curve, which refers to the left axis), but an an ever-decreasing rate.




Comparing Steady States

The analysis to this point has been —__Seechhesevalues bl
positive, defining how a system Saving rate: s = 4] o J»
works. In that system, the technolod 3, Fongent e procesten Fusosen
and depreciation are given by e Dapreciation -lmestme. ...
"nature"—some combination of § G
technological facts of life, 'g 2
institutions, and historical accidents E
The one variable that might be £
subject to control by policymakers i 2
the saving rate. To some extent tha|] °
rate is determined by people's 0 : : : : : : :
preferences regarding future and 0 21 6 S
present Consumption! but not captatper walkg;t SteadyStateValues
entirely. Policies matter. For From the model
example, Social Security is a pay-ad e e e p
you-go transfer program that looks __AtK. depreciation = 0.2 _KPW per year.

. . Consumption isc=__ 1.09 unils per capita per year
much like a pension plan. KPW is units of capital per worker.

Accordingly, its current design can reduce the saving rate. Seetthe

Likewise, policies like interest deductions for mortgage interest paymamfiect both the
level of investment and the sort of capital in which people invest. (The latter, of ,dsurse
addressed in this simple one-good model. Seadt®)

If the values of s can be affected by policy and if different values of s lealfiesi@i outcomes,
then we are faced with a normative issue, to determine a criterion for oheteythe "best"
value of s, and accordingly the "best" steady-state outcome for k, i, and cpWieexsingle
normative criterion, the maximization of per-capita consumption. That such shahlel be
criterion is not self-evident. For example, one might argue for more k, espdqpalrt of k is
armament and if one's body politic fears other political entities.



The Golden Rule Steady State

Taking the maximization of per-capita —_Skeciitiese values
. . epreciation rate: § = 0.1] 4] | »
consumption as our goal, we examine Saving rate: s = 03« >
the criterion that must be met if the bes yevL — ~ Depraciafion Famction
. —i =y mecmt'm = Inwestment
of the many possible steady-state valug ,. = v atk’ Tangent

—

of k is to be identified. The graph at the
right shows the value of k for which c is
maximized.

-

The value of ¢ does not appear on the
graph, but is the difference between y
and sy (or, at steady-state, the differen
between y andy). The condition that

must be met is that the slope of the y ° 2 4 6 o 10 12
function must equal Sheet: AGoldenRuleSteadyState Capital per worker

Depreciation per worker

From the model

. The steadystate kis k™= 4.80 KPW. At the steady-state k,
To see why, suppose that k is le i~ depreciation = 0.4 _KPW per year.

. H ,¥= i Ll Er capita per ar.
than thIS Va'Ue (WhICh happens t Cansumptianis{= 112 units ::er caSIia ::er ﬁar.
be 4.80 in this Case)’ which _ At k", I'!PI(- 0.10  KPW during the year.

. KPW is units of capital per worker.

would happen if s < 0.3. Then the
slope of the y function exceeds that of the depreciation function. so increasing k would
cause Yy to increase by more than depreciation, leaving more for consumption
Alternatively, suppose that k > 4.8. Then y increases by less than depreciationt 0 wha

left for consumption decreases.

Examination of the graph and of the accompanying tables reveals the optinozditon—the
condition that must be met if the normative criterion is to be satisfied. That condittwat the
marginal product of capital (the slope of the y function) must equal the dejgrecat . So, if
policy is to result in maximum steady-state consumption, then a saving ratbarastablished
such that:

MPK = .

As Mankiw points out (p. 212), public policy influences national saving in two ways: "The most
direct way in which the government affects national saving is through public satfiag

difference between what the government receives in tax revenue and syg®tds. ... The
government also affects national saving by influencing private saving—iing skone by
households and firms."



Comparing Steady States: Steady-State Consumption as a Function of the SayRate

The reasoning above implies that the
steady-state equilibrium matters. One
guestion is just how sensitive the outcom
in our case per-capita consumption, is to
the steady state. The figure at the right
suggests that if the underlying Cobb-
Douglas production is a reasonable first
approximation to an economy's
technology, then the exact value might ni
be a critical concern.

The optimal saving rate is s = 0.3, which

18
1.6
14
1.2

1
0.8
0.6
04
0.2

Steady-state consumption level

0.0

0.1

0.2

0.3 04 0.5
Saving rate (s)

results in per-capita consumption of ¢ =

a=

0.3

am

0.04

1.660 (see the chart below the graph). If 5<a<050 and 001 <s<0.10

the saving rate falls to just over one-half

Sheet: SteadyStates

this level, s = 0.185, the resulting steady-state per-capita consumption falte oty 1.571, a
decrease of about 5 percent. Likewise, if the saving rate were s = 0.417, more ttlardone-
above the optimal level, c falls only to 1.592, a decrease of about 4 percent.

The table shows the Golden Rule steady-state values

all variables. For the current model, one without
population change or technological change, the Goldegzai7 785
rule outcome requires that the marginal product of

S k*

s

MPK

5k* | sy | ¢ | MPK -5

"Go

Iden-rule” steady-state values

2372

0.711]0.711]1.660] 0.040) 0.000

capital equal the depreciation rate, as statexe With

the Cobb-Douglas production function, MPK <4k

Solving for the Golden Rule value of k is

straightforward: kg = ( /a)@". Given the model's

parameters, this implies that the valuedg &

(0.04/0.3Y%"= 17.786. The rest of the values follow

from this one as follows:

y =K3=17.788°=2.372,
k = 0.04(17.786) = 0.711,

sy = k from the nature of steady state,

s = (sy)ly = 0.711/2.372 = 0.300,

c=y-s(y) =2.372-0.711 = 1.661 (difference

from table value due to rounding errors),
MPK = 0.3(k*") = 0.3/(17.788") = 0.040.

0.012] 0178
0.018] 0.356
0.023] 0.445
0.037| 0.889
0.080) 1.779
0.084] 1.976
0.070] 2223
0.077] 2584
0.086] 2.964
0.097] 3.5857
0.105] 3.9a83
0.114] 4.447
0.138] 5.929
0188 7.115
0.185| 5.893
0.226]11.558
0.300) 17.736
0.341]21.344
0.380]24.901
0.417] 25458
0.453] 32.015

0.586
0.733
0.784
0.985
1.189
1.227
1.271
1.323
1.385
1.463
1.510
1.465
1.708
1.802
1.926
2.100
2372
2.505
2623
273
2.829

0.007 | 0.007 | 0.589
0.014)0.014(0.712| 0.618| 0578
0.018|0.018(0.766| 0.529| 0.489
0.035|0.036(0.930| 0.326| 0.286
0.071)0.071(1.117| 0.200| 0.180
0.079|0.0739(1.148| 0.186| 0.148
0.083|0.088(1.182| 0.171) 0131
0.102|10102(1.221| 0.186| 0116
0118|0119 1.267| 0.140| 0.100
0.142100142(1.321| 0.123] 0.083
0168|0158 (1.352| 0.115| 0.075
0.178|0.173(1.387| 0.106| 0.088
0.237|0.237 | 1.468| 0.086| 0.048
0.285|0.285(1.617| 0.076| 0.038
0.356|0.356(1.671| 0.065| 0.025
0474100474 (1.626| 0.053) 0.013
07110711 (1.660| 0.040| 0.000
0.854|0.854(1.651| 0.035| -0.005
0.996|0.996(1.627| 0.032| -0.008
1.138)1.138(1.992| 0.029( -0.011
1.281]1.2681(1.648] 0.027] -0.013

Sheet: SteadyStates



Approaching the Golden Rule Steady State

Suppose that an economy has achiev[ ——y-w o c=CL —s—i=(Y-O)L
its steady-state investment rate, butn| ... “Golden" ¢ e K-HL
the one prescribed by the Golden Rul 4.0 - + 300

Then suppose that policy changes
occur such that the new saving (=
investment) rate results in movement
to the Golden Rule levels of k, s, and
c. How does this change play out
through time? Here we address that
case of an economy that has been
saving too much, so that its capital 15
stock is too large to generate the 10 4
maximum flow of consumption. We ' AH_H_._'E—___
leave the examination of the other ca: 0.5
as an exercise.

P
=]
=

] + 26.0
3.0 4
N " N " " Adh s s 1 :
bt A it

257 7 5 T T

20

g Capitai Stock

T
-
=
=

Output, Consumption, Investment

+ 5.0

0.0 T T T 0.0
0 20 40 60 80

The figure at the right shows that, if
the economy were at the Golden Rule Sheet: Adpustments
steady-state equilibrium, its sustained

consumption level would be 1.660. Because the capital stock is above the Golden Rule value,
sustaining that capital stock eats into consumption, so the steady-state carsiawel is only
1.627 (value read from the spreadsheet), while output is 2.627. This implies that s = (2.627 -
1.627)/2.627 = 0.381. The table above shows that the Golden Rule s is lower, 0.300.

Year

Reducing s to its Golden Rule value, starting in year 31, allows a jump in consumption in that
year (from 1.627 to 1.839 (= 0.7 * 2.627). As the capital stock decreases (k's values are on the
right axis), so do y and i (= s*y = depreciation, at steady state—values sholaleft axis).

Consumers in each year after 30 have increased consumption, but the model showsera basis
inter-generational tension. The change for sz>t8 s = g provides the greatest boon to those in
the years immediately after the change. Accordingly, those who inshiupmlicy change in

year 30 are appropriating the "free lunch" that those in later years wouldrjayedehad s
remained at its historically high level of 0.381. The inter-generationabterss perhaps, more
pronounced when the initial s is less than Again, working through that case is left as an
exercise.



Population Change and the Steady State

b

Until now, the population has been DSF"‘-‘C"_Y these values o T
held at a constant level, so that k P ina rotors =T 03| 4[] View
grows whenever K grows (k = K/L, Population Growth Rate: n = oozs| <] [ »| Table
yvhere L is the amount of labor). If L i~ sy Pop+Dep o Comstantk
is growing, however, a constant leve
of K would imply a decreasing level
of k. 5
g
. . . E 1-
In this regard, population growth is  §
much like depreciation: both reduce 2
k—depreciation via its effect on the = £
numerator in K/L, and population g
growth via its effect on the >
denominator. Mankiw provides the
reasoning behind the following
equation: 0 . - -
k=i- k-nk 0 5 10 Capital per worker
or From the model
k=i- ( + n)k The steady-state k = 0.009 [KPW. At this k*, depreciation 8
) population growth require i = 0.578| KPW per year. Thus,
. the steady-state output is y = 1.926|units per year. The steady-
The term ( + n)k is the amount by state consumption level isc = 1.348 [units per year.
which k would decrease in a year's KEW is units of capital per worker. Sheet: PopulationGrowth

time if no investment were made. This equation is only approximately corretiiebut
approximation is quite close. See tiwge The straight line in the graph shows the amount by
which the per-worker capital stock would decrease if no investment were made.

Investment is made, however: sy is invested each time period. Steadg-att@ed when sy =

( + n)k. In the example at the right, a positive population growth rate has been added to the
model developed immediateibpove When n =0, a=0.3=0.04, and s = 0.30, the resulting
steady-state k was 17.786 units of capital per worker. When the population is gro2ihg at
percent per year, however, the same saving function, production function, and dejpreaiti
result in a steady-state k of just 8.889 units of capital per unit of labor. Accordiagiyapita
output is 1.926 units, down from 2.372 when n = 0.



Population Change I

The graph at the right recreates the

Specify these values )

one above, with two exceptions. Firs

the depreciation-only (n = 0) case is

Depreciation rate: § = 0.040( 4 4
Saving rate: s = 0.300( 4 4
Population Growth Rate: n = 0.025( 4 L4

= — Depreciation Function
Depreciation = Ivvestment
Steady-State k, i

i=sy
Pop+Dep

included for comparison. Also, the
population growth rate is a bit higher
3% rather than 2.5%. The result of
this increase is that the steady-state
falls from 8.889 to 7.996. Per-capita
output and consumption fall as a
result of the decreased k.

Is this particular steady-state outcorn
the "Golden Rule" outcome, the one
that maximizes sustained per-capita
consumption? As we shall see, yes.

= Perworker investment _

= -

Capital
per
waorker

20
That outcome requires that

MPK = + n. See note. Given the
production function employed here,
the table below reports the Golden
Rule values when the population
growth rate is 2.5 percent per year.

From the model
The steady-state k = 8.089 | KPW. Depreciation and popu-
lation growth require i 0.578[KPW per year. The
steady-state output is y = 1.926|s0 the steadystate
consumption level is c = 1.348|units per year.
KPW is units of capital per worker. Sheet: Populatienlmpact

Golden Rule values when
population grows at 2.5% per year

n =0.025
kGR =8.889
yer =1.926
Cor = 1.348
iGR =0.578
s =0.300

For the Cobb-Douglas production function, the value of s that corresponds to Golden Rule
consumption is still the the exponent of k in the production function?y = k

The analysis above treats n as exogenous. Both n and s, however, might be sensitive to policy
actions. Now policymakers have two potential tools for affecting the steamtylstel of c. They

can implement policies to change s, or they can implement policies to affeahynidaern
industrial countries are actively pursuing pro-natalist policies (f@oreaunrelated to

maximization of c¢), and some developing countries have implemented policies designed t
reduce n, the most notorious being that of China EReestadt



Technological Change and the Steady State

The SOIOW grOWth mOdeI treats Depreciation rate: § = lJ,l]-l| 1|SIiQ:i|ﬁ Th;::;:laal‘lli:: Growth Hate: n = U.UZ‘j] 4 ] l
technology as if more workers were Saving rate: s = 03] 4] [ v]| [Technological growth rate: g= _ 0.015 4
being added. That is, the effective labo  ——westment=sy ———Pop + Dep+Tech - Steady.state i & k

force now becomes L times E, where E
is a measure of productivity. With this
new source of change, the capital per _
effective unit of labor, the new capital-
per-unit-of-labor variable becomes

k =K/(L x E).

Sheet: Technology

Perworker invesiment

Now, absent investment, k changes ovi

time for three separate reasons: o 2 ) o s 10 porworker
depreciation of the capital stock, From the model

. - The initial steady.state k is| 6.61 KPW. Depreciation, population growth, and tech-

y nological change require thati = 0.53|KPW per year. In steady state,
population growth, and productivity
growth total ou!put qmm:i :g: per year and per.capita
. ption g y £ .
KPW is u'::l.l:s:;r::a;?tl;l ;:‘:‘zmksl, 'WnerF:: ::::mnans "efficiency units of labor™: L x E.

With this new source of change in k, the change in k becomes the following:
k=1i-( +n+g)k,

where the first two terms inside the parentheses are as developed eurtlgers #he annual rate
at which labor productivity changes. Seettloéefor the derivation of the term ¢ n + g)k.

To see why per-capita consumption grows at the rate g, consider the glaphgtitt Steady-

state equilibrium now requires that both the amount of capital and the amount of invgsment
efficiency unit of labor be constant. By the same token y, the output per efficienof labor

must be constant. Output must, therefore, grow at a rate (n + g). The number o \govker at

a rate of n, so the difference, g, is the annual rate of increase of per-oaiet. Since
consumption grows exactly in proportion with output, consumption per worker also grows at a
rate equal to g.

The analysis above treats g as exogenous. Both n and s, however, might be sensite to poli
actions. Now policymakers have three potential tools for affecting the sté&stdylevel of c.

They can implement policies to change s, they can implement policiesdorgféad they can
implement policies to affect g. Such policies include those related to cbparnd patents, as

well as tax breaks for research and development or subsidies for basichresear



Technological Change lI

The graph at the rlght ShOWS some Of t! Depreciation rate: & = Il.;;;[d:]j[zs_p;:::l:::olngical
same information as above, but from a Saving rate: s=| 0300/ 3LV growth rate: g =] 0.015| SLL
! Population Growth Rate: n=| _ 0.025[ 4] [» a= 0.300] 4] [ »

different perspective. The worksheet FE Ty —— Sheet Techmology&Growth
from which this graph is copied focuseg 3s '
on the implications of s, n, and g for pe| 3-
capita output and consumption. 25 1

The graph at the right is based on the | |,
assumption that the economy is on its
Golden Rule steady-state path. The — YL
following exercise is instructive: Set the| | — oL
saving rate very low (what happens if s 0 M A a0 T 0
= 07?) and raise it toward the Golden T

Rule Value and then above that Value The steady.state k= B.00[ KPW. Depreciation, population growth, &

. technological change require thati = D.ﬁGIKP‘N pPer year.
Observe that, as s increases so does tt In steady.state, output grows at | 4.00% per year,

Per-capita consumption grows by -1.00%| per year.
Y/L trend for all values of S. In contrast ks uits of capital per worker. “Workers™ now means “sfficiency units of labor's L x E.
however, the C/L trend shifts upward only until s = a (the Golden Rule value) and then shifts
downward, with the ever-increasing difference between Y/L and C/L being phectsion of

the ever-larger capital stock.

This worksheet is normalized sothat L=1andY =1¥a] L ] E ] ¥ ] ¥ ] v ] cn

H . e . 0|1.000] 0502 5.000 1000 1000 0.700
in the first year. Thus, the initial value of Eis ol peml snenl wienl ol menn
determined in a way that makes this normalization 2(1030| 05171 s307] 1ol 1030| 0721

"work." As a result, the sheet does not not directly = 3|1046]Shest Technology&Growth 1.046] 0732
show the negative impact of population growth on per-capita consumption, but the negative
effect can be can be deduced. The two inserts at the

right show part of the table that gives rise to the greXe®- = 1 E 1 K ] ¥ 1 v ] on

A A 0|1.000f D536 4 286 1.000( 1.000| 0.700
above. In one case, the population growth rate is N 1|102s| 0544| 4459 1040 1015 0711
1.5% and in the other it is n = 2.5%. In both cases, 2|1051| 0552] 4639 1082 1030 0721

growth of per-capita consumption is the same--it 3|1077] - 0:5heet Technology&Growthi6] 0732

grows at a rate equal to g, the rate of technological change. What differsenoéhe initial

level of efficiency necessary to sustain these identical paths. When the jpopsligrowing at

1.5 percent per year (L =1, 1.015, 1.046, ...), an initial efficiency index of 0.552 is sufficient
generate observed income stream. When population is growing at 2.5 percent leryka

1.025, 1.077, ...) the necessary efficiency index is 0.582 in the initial period. This means that a
given group of laborers with a given level of efficiency must have lower consumipttien |
population is growing faster.



An Empirical Note

While reservations about the adequacy of the simple Solow model for explainingdéeia
economic growth are warranted, the model's predictions are consistent witredbmgicomes.
The estimated equation below is based on a data set developkshkiyw, Romer, and Well
Based on cross-section data from 121 countries, the following estimatesiaed:der
gdp_growth_rate = 2.246 - 1.344*OECD + 0.115*investment_rate.
(2.934) (5.036)

The coefficient of determination iR 0.185. The dependent variable is the average annual
growth rate between 1960 and 1985. OECD is a binary variable that equals 1 if the iscaintry
member of the Organization for Economic Cooperation and Development; the point estimate
indicates that the growth rates averaged about 1.3 percentage points lessefootimries than
for others. The growth rate increased by an estimated 0.115 percentage points per one
percentage-point increase in the fraction of a country's income that wagthviEst associated
t-statistic is quite large, indicating strong evidence that investmieatabutput. While
investment is an important part of the story, it is far from being the whole $toeyR of 0.185
indicates that either variables other than the two included above or randomaeftexist for

81.5 percent of the variation among growth rates.



Notes
The decreasing importance of land
Hansen and Presca@itgue that in a pre-industrial economy, the fact that land is a fixed factor has
serious implications for the relevance of the Solow model, in which no factor igthdupply.
They point out that the implication of land's being a fixed factor becomes imgigas
unimportant as economies progress toward the industrial (and post-industrialYbtig&able
2 (page 1209) shows this progression for the United States.

TABLE 2—U.S. FARMLAND VALUE RELATIVE TO GNP

Year Percentage
1870 88
1900 78
1929 37
1950 20
1990 9

Deriving the marginal product function
from the production function
At any point on the production function
the marginal product is the derivative of
the function with respect to the
independent variable. For the Cobb-
Douglas production function, y < KMPL
= alé™, Defining the MPL in terms of per-
capita values might appear inappropriate.
After all, MPL is typically defined as the
change in total output per one-unit change
in the variable input (capital here) given
the employment level of the fixed input
(labor here). Are the two definitions
compatible? To see that they are return to
the original production function:

Y =KL

The marginal product of capital is
MPK = ak®'L*?
= akyL 2
= akyLa?
= (K/L}!
=R



This graph shows how the MPL as derivative compares to MPL in terms of eliskegtges. In

this case, k = 5. The true MPL for this size change is 0.030, the value derived in the text. The
derivative is a short-hand way of defining the MPL for the entire function. Aniti@ value of

k, the MPL is 0.032, which overstates the change wiken 5 rather than an arbitrarily small
value, but the overstatement is slight.

Downloading the workbook

We recommend saving the workbook file to a disk and then opening it.

The workbook contains macros. Activating the macros require&Xeats security level
be set at medium or lower before the workbook is opehleel default is high, and will
not allow the opening of macros. Under "Tools/ Macro.. / Security" set thatgdeuel
to medium To repeat: Failing to set the security level below its default level wileca
Excel to load the workbook but to strip it of all macros.

Social Security and savings

Most observers see the potential of Social Security for reducing savengeakness. It was not
always so. According tBeldstein(page 10), "Keynesian economists in the 1940s ... praised the
unfunded character of the new Social Security program for its ability to depagsnal saving

and stimulate aggregate demand."”

Differing production functions

One reason that the "aggregate production function" that represents an ecagbtdjffar

from one economy to another is the degree to which funds are allocated to those ingestment
with the highest rates of return. If capital markets were perfect anopégy rights were

perfectly defined and enforced, then a system of markets would ensure eqgiabhmates of
return for all investments. As noted above, however, subsidies might favor one type of
investment (in residential real estate in this case) over others. Mankiwp@8a%® out that three
major types of investment can be identified: infrastructure (roads, brichyesr, systemsstc),
human capital, and investments in non-infrastructure physical capital. Sighifiarriers to
equalizing rates of returns across these broad categories can beidrtifthermore,
equalization within the categories is unlikely. Such is even more so in many pretaidus
economiesDeSotoargues that an important reason for failure of many third-world countries to
develop is insecure property rights. He observes that squatters build up a coresateckibf
capital, in the form of housing, without any clear title. They cannot, however, ugse|aity in

this housing to underwrite small businesses, no matter how high the rates of returaadh
investments might be.



We are examining the rate at which k would decrease if it were not replaced wédfactors
lead to reduced k: depreciation of the capital stock and dispersion of the capital stagk am
increasingly more workers. Consider two adjoining periods, 0 and 1:

Ki=Kop(l- ) (Depreciation)

L1 =Lo(1 +n) (Population growth)
SO

ki=ko(1- )/(1+n)
Some algebra shows that

Ko- ki =ko( +n)/(1+n)

Here is the algebra.

ko - ki is the amount by which the capital stock declines, absent offsetting inméstme
ko = Ko/Lp and k = Ki/L; = (Ko/Lg)(1 + )/(1 + n), so

Ko-ki=ko-ko(l- )/(1+n)

Ko - ki = [ko(1 +n) - k(1 - /(1 + n)

Ko-ki= k( +n)/(1+n)

This is the amount that the per-capita stock of capital decreases if no inveistmade. This
equation differs slightly from the equation in Mankiw and the equation used in the workbook.
For simplicity, the denominator (1 + n) is ignored. Leaving out this term siegpthe

exposition at the cost of introducing an error of 1/(1 + n). For reasonable values of mpths e
about 2 or 3 percent.

To repeat, the simpler equation that very closely approximates the actuakedor& in the
absence of any investment is this:
k=k( +n)

To illustrate, suppose that k = 10 and that depreciation and population growth are as indicated
above. For concreteness, suppose that K = 10,000 and L = 1000 in the base year. Then a year
later, K = 10,000(0.96) = 9600 and L = 1000(1.025) = 1025. Therefore, in the next year k =
9600/1025 = 9.366. Except for rounding, this values equals 10,000(1 - 0.04)/1.025, which is
9365.854. The decrease in k from 10 to 9.366 implies that 10 - 9.366 or 0.634 units of output per
worker must be set aside for maintenance of the per-worker capital stoghklyr0.4 to

maintain the necessary 10,000 units of capital and 0.234 to provide the 25 additional workers
with as much capital as the initial 2000 workers had.

The numbers shown are exact. Compare them to the results of the simpler equation: 10(0.04 +
0.025) = 0.650. The discrepancy is (0.650 - 0.634)/0.634 or about 2.5 percent.

Consumption, saving, and investment

Consumption is ¢ =y - i because i = s. For any steady-state to occurt s)K. Therefore, we
seek the value of k that maximizes y -Hn)k. But y is f(k). To find the maximum value of c,
find the k for which the slope of the y = f(k) function equals (). That is, find the k for which
MPK = ( +n).



Factors changing the value of k
When technology is taken into account k is defined as follows: k = K/(L * E). L changesatat
of n, and E changes at a rate of g. The capital stock depreciates at L@isider the
implication for k for two adjoining years. Year 1 values are as follows:

L1 =Lo(1 +n)and E= Ey(1 + Q).
Accordingly k = Ki/(L1 X E1) = {(Ko - Ko)/[Lo(1 + N)E(1 + g)]}= ko(1 - )/[(1 + n)(1 + g)].
Absent investment, k< ko for three reasons: depreciation, increase in the population, and
increase in the number of efficiency units of labor per worker.

We now use this information to determine the exact relationship betwasa khe decrease in
k, absent investment.

ko - ko(1- )[(1 +n)(1+09)]=

[Ko(1 +n+g+ng)}ko(l- )/(1+n+g+ng)=

[Ko( +n+g+ng)/(1+n+g+ng)

This differs slightly from the approximation used in the text above, and used by Mankite. Th
the decrease in k per time period, absent investment, stk g). To see how much the two
differ, suppose that n = 2.5 percent and g = 2.0 percent, both fairly large values. 4 et

percent. Mankiw's approximation is that k falls by (0.04 + 0.02 + 0.025)k or by 0.085k. In fact,
over a year's time, the exact decrease is

[(0.04 + 0.02 + 0.025 + .0005)/(1.02*1.025)]k = 0.081779k, for an error of less than 4
percent.
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